The authors establish the boundedness on the Herz spaces and the weak Herz spaces for a large class of rough singular integral operators and their corresponding fractional versions. Applications are given to 
Introduction
A well-known result of Stein [23] states that if (1.1) r/(jc) = p.
v. [ H(x-y)f(y)dy
is bounded on L q (R") for some q e (1, oo), and if the kernel H satisfies the 'standard size' condition (1. 2) \H(x)\ < -for all x 6 R n \ {0}, 202 Guoen Hu, Shanzhen Lu and Dachun Yang [2] function and («») = (f \f(x)\«a>(x)dx) < oo.
Let Q be a homogeneous function of degree zero on K" and Q e L r (S"~l) for some r € [1, oo]. If T in (1.1) is bounded on L q {W) for some q € (1, oo), and H satisfies, instead of (1. and the usual modifications are made when p -oo or q = oo.
Obviously, K°-"(R n ) = L*(R") and £«/«•*(«") = Lf x ,.(R"). We remark that studies involving these spaces have a long history; and we recommend the references [9, 14, 17] and [12] . Soria and Weiss [22] give some beautiful generalizations of Stein's results in [23] . In particular, they obtain the result of Stein in the case q = 1. We generalize the results of Soria and Weiss in the case q = 1 to weak Herz spaces which are introduced by the authors in [12] .
In what follows, for any k e I and any a > 0, let m k (a, / ) = | {JC e A k : \f (x)\ > [3] 
X>0
The smallest constant c satisfying (
what will happen for the operator T defined by (1.1)? We obtain some similar results to that operator T with a kernel H satisfying (1.5).
Our main theorems are stated in Section 2; and their proofs are also given in this section. In Section 3, we give some applications. Based on the results of Fan-Pan [6] , Seeger [21] , Ding [4] , Chanillo-Christ [1], Christ-Rubio de Francia [2] , Jiang-Lu [13] and Pan [19] , we obtain some new results on rough singular integrals, fractional rough singular integrals and oscillatory singular integral operators.
We should point out that some special cases of our theorems have been obtained in [16, 10] , and [15] . Some of the techniques used here are borrowed from Soria-Weiss [22] ; see also [14] .
Throughout this paper, c always means a constant independent of the main parameters involved, but may be different from line to line. For any power exponent p with 1 < p < oo, we denote the conjugate exponent p/{p -1) by p'.
Main theorems and their proofs
To begin with, the following theorem indicates that the boundedness of operator T on Lebesgue spaces with power weights implies its boundedness on homogeneous Herz spaces. where y' = The following result for the boundedness of M n on the Lebesgue spaces with power weights can be found in [5, 
As a simple corollary of Theorem 2.1 and Lemma 2.1, we have the following corollary, which will be used in the proof of our main theorem.
and
To prove one of our main theorems, we also need the following two lemmas. The first one can be found in [18, p. 251 ] and the second one in [8] . In fact, when 1 < r < oo, this lemma is just a special case of [18, Lemma 1] . The case r = 1 is easy to prove using polar coordinates. We omit the details.
LEMMA 2.3 ([8]).
Let a e R and 1 < p, q < oo. Now, let us turn to the estimate for D 3 . We first assume 1 < p < oo. Note that when; > k + 2, x e A k , and y € A ; -, then 2|JC| < \y\ and
\X\ J\y\<2\x\
Then by Lemma 2.3 and Corollary 2.1, when 1 < p < oo, we obtain We choose j 5 e K and 0 < e < 1 such that a > fi/q > -1 / g -(n -l ) / r ' and a -/3/q > (1 -€)n/q. Then, by Holder's inequality and Lemma 2. 
max(-n, -1 -(n -\)q/r') < fi < min(n(g -l),q -\ + (n -\)q/r').
Suppose 
As a simple corollary of Theorem 2.4 and Lemma 2.4, we have COROLLARY 2.4. Assume that 0 < / < n, 0 < p x < p 2 < oo, 1 < q x < n/l, \/q 2 = \/q x -l/n, n/(n -I) < r < oo and Q e L r (5""'). If a sublinear operator 7}
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700039318 [14] Now we come to consider the end-point cases of Theorems 2.1, 2.2 and 2.4. First, we will establish the boundedness of M n on weak Herz spaces. use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700039318 [15] Singular integrals in Herz spaces 215
Now, let 1 < p < oo. By Holder's inequality, we then deduce
To estimate E 2 , note that -n + (n -l ) / r < a < 0. We can choose a ( e 1 such that 0 < a! < a + n -(n -l)/r. When _/ > k + 2, by Lemma 2.2, we have For fractional singular integrals, we have some theorems similar to Theorems 2.6 and 2.7.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700039318 [17] Singular integrals in Herz spaces 217 THEOREM 2.8. Let 0 < / < n, 0 < p, < p 2 < oo, q { = n/(n -I) < r < oo, 
dx\ [18] dy where we choose /3 e K such that a > j3/qi > -n/qi + (n -\)/r -(n -l)/rSince a > (n -l ) / r -n + /, this is possible. Therefore, We remark that Corollary 2.5 is the end-point case of [18, Theorem 2] .
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Some applications
In this section, we will give some applications of the theorems in Section 2. Let us begin with the following singular integral operators of Fefferman [7] : (3.1) = p.v. f
\x-y\"
where h is a bounded radial function, ft is homogeneous of degree 0 and belongs to L'(5"~'). A result of Fan-Pan [6] states that if ft e H^S"' 1 ), the Hardy space on S"" 1 (see [3] or [6] when r = 1. When q = p, Corollary 3.2 is just [18, Theorem 1] and is sharp in this case; see [18] .
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